Let K s,t be the complete bipartite graph with partite sets of size s and t.
Introduction
Let A = (a 1 , . . . , a m ) and B = (b 1 , . . . , b n ) be two nonincreasing sequences of nonnegative integers. The pair S = (A; B) is said to be bigraphic if there exists a In this case, G is referred to as a realization of S. The following well-known theorem due to Gale [2] and Ryser [4] independently gave a characterization of S that is bigraphic.
Theorem 1 [2, 4]. S = (A; B) is bigraphic if and only if
min{k, b i } for all k with 1 ≤ k ≤ m.
The pair S = (A; B) is said to be potentially K s,t -bigraphic if there is a realization of S containing K s,t as a subgraph. Yin and Huang [6] presented a characterization of S that is potentially K s,t -bigraphic. 
In this case, G is referred to as a realization of L. Garg et al. [3] obtained a characterization of L that is bigraphic.
Theorem 3 reduces to Theorem 1 when
if there is a simple bipartite graph G with partite sets X = {x 1 , . . . , x m } and
for 1 ≤ i ≤ n and G contains K s,t as a subgraph (resp. the induced subgraph of {x 1 , . . . , x s , y 1 , . . . , y t } in G is a K s,t ).
The purpose of this paper is to investigate a characterization of L that is potentially K s,t -bigraphic. We first give a characterization of L that is potentially A s,t -bigraphic as follows.
for all p 1 and q 1 with 0 ≤ p 1 ≤ s and 0 ≤ q 1 ≤ m − s and
for all p 2 and q 2 with 0 ≤ p 2 ≤ t and 0 ≤ q 2 ≤ n − t. 
Combining Theorem 4 with Theorem 5, we have the following corollary.
be two sequences of intervals consisting of nonnegative integers with
) is potentially K s,t -bigraphic if and only if (1) holds for all p 1 and q 1 with 0 ≤ p 1 ≤ s and 0 ≤ q 1 ≤ m − s and (2) holds for all p 2 and q 2 with 0 ≤ p 2 ≤ t and 0 ≤ q 2 ≤ n − t. 
Corollary 6 reduces to Theorem 2 when
a i = b i for 1 ≤ i ≤ m and c i = d i for 1 ≤ i ≤ n.
Proofs of Theorems 4 and 5
The proof technique of Theorem 4 was developed earlier by Tripathi, Venugopalan and West [5] .
Proof of Theorem 4. For the necessity, we suppose that G is a realization of
For p 1 and q 1 with 0 ≤ p 1 ≤ s and 0 ≤ q 1 ≤ m − s, it is easy to see that
that is, (1) holds for p 1 and q 1 . Similarly, we can prove that (2) holds for p 2 and q 2 with 0 ≤ p 2 ≤ t and 0 ≤ q 2 ≤ n − t.
For the sufficiency, we assume that (1) holds for p 1 and q 1 with 0 ≤ p 1 ≤ s and 0 ≤ q 1 ≤ m − s and (2) holds for p 2 and q 2 with 0 ≤ p 2 ≤ t and 0
In each successive subrealization, let p 1 be the largest index such that d(x i ) = a i for 1 ≤ i < p 1 and d(x p 1 ) < a p 1 and q 1 be the largest index such that d(x i ) = a i for s + 1 ≤ i < s + q 1 and d(x s+q 1 ) < a s+q 1 . While p 1 ≤ s or q 1 ≤ m − s, we can obtain a new subrealization containing the initial subrealization and having smaller deficiency (a p 1 − d(x p 1 )) + (a s+q 1 − d(x s+q 1 )) at x p 1 and x s+q 1 while not changing the degree of any vertex x i with i ∈ {1, . . . , p 1 − 1, s + 1, . . . , s + q 1 − 1}.
Let X 1 = {x p 1 +1 , . . . , x s } and X 2 = {x s+q 1 +1 , . . . , x m }. We maintain the condition that {x 1 , . . . , x s } and {y 1 , . . . , y t } form a K s,t , there is no edge between {y 1 , . . . , y t } and X 2 and there is no edge between {y t+1 , . . . , y n } and
Since there is no edge between {y 1 , . . . , y t } and
If none of Cases 0-3 applies, then d(
Since {x 1 , . . . , x s } and {y 1 , . . . , y t } form a K s,t , there is no edge between {y 1 , . . . , y t } and X 2 and there is no edge between {y t+1 , . . . , y n } and X 1 ∪ X 2 , we have that We now regard G ′ as a new initial subrealization. In the following, for each successive subrealization, we define p 2 to be the largest index such that d(y i ) ≥ c i for 1 ≤ i < p 2 and d(y p 2 ) < c p 2 , and q 2 to be the largest index such that d(y i ) ≥ c i for t+1 ≤ i < t+q 2 and d(y t+q 2 ) < c t+q 2 . While p 2 ≤ t or q 2 ≤ n−t, we can obtain a new subrealization having smaller deficiency (c p 2 −d(y p 2 ))+(c t+q 2 −d(y t+q 2 )) at y p 2 and y t+q 2 while maintaining the conditions that {x 1 , . . . , x s } and {y 1 , . . . , y t } form a K s,t , d(y i ) ≥ c i for i ∈ {1, . . . , p 2 −1, t+1, . . . , t+q 2 −1} and
By (1) and the observation that d(x
The process can only stop when the subrealization is a realization of L.
Case 4. Suppose, for some j > s, x j ↔ y k for some p 2 + 1 ≤ k ≤ t and x j ↔ y ℓ for some ℓ ≤ p 2 . If ℓ = p 2 , then replace y k x j by y p 2 x j . If ℓ < p 2 , then replace {y k x j , y ℓ v} by {y ℓ x j , y p 2 v}, where v ∈ N (y ℓ ) \ N (y p 2 ).
Case 5. Suppose, for some j ∈ {1, . . . , m}, x j ↔ y k for some k > t + q 2 and x j ↔ y ℓ for some 1 + t ≤ ℓ ≤ t + q 2 . If ℓ = t + q 2 , then replace x j y k by x j y t+q 2 . If t + 1 ≤ ℓ < t + q 2 , then replace {x j y k , y ℓ v} by {vy t+q 2 , y ℓ x j }, where v ∈ N (y ℓ ) \ N (y t+q 2 ).
Case 7. Suppose d(x j ) < b j for some j ∈ {1, . . . , m} and x j ↔ y ℓ for some
Case 8. Suppose, for some j > s, x j ↔ y k for some p 2 + 1 ≤ k ≤ t and x j ↔ y ℓ for some t + 1 ≤ ℓ ≤ t + q 2 . If ℓ = t + q 2 , then replace x j y k by x j y t+q 2 . If t + 1 ≤ ℓ < t + q 2 , then replace {x j y k , y ℓ v} by {vy t+q 2 , y ℓ x j }, where v ∈ N (y ℓ ) \ N (y t+q 2 ).
Case 9. Suppose, for some j > s, x j ↔ y k for some k > t + q 2 and x j ↔ y ℓ for some ℓ ≤ p 2 . If ℓ = p 2 , then replace x j y k by x j y p 2 . If ℓ < p 2 , then replace {x j y k , vy ℓ } by {vy p 2 , x j y ℓ }, where v ∈ N (y ℓ ) \ N (y p 2 ).
If none of Cases 4-9 applies, we can prove the following claim.
Claim. Assume that none of Cases 4-9 applies. Then
(ii) For each x j ∈ {x s+1 , . . . , x m }, min{p 2 + q 2 , d(x j )} = min{p 2 + q 2 , b j } and min{p 2 + q 2 , b j } is the maximum contribution to
Proof. If x j ∈ {x 1 , . . . , x s }, we consider the following two cases de-pending on whether x j is adjacent to all the vertices in {y t+1 , . . . , y t+q 2 } or not. Suppose x j ↔ y k for all t+1 ≤ k ≤ t+q 2 . Since {x 1 , . . . , x s } and {y 1 , . . . , y t } form a K s,t , x j is adjacent to every vertex in {y 1 , . . . , y t }. Thus, p 2 + q 2 is the maximum contribution to
Since Case 5 and Case 7 cannot apply, we have that x j ↔ y ℓ for all ℓ > t + q 2 and d(
If x j ∈ {x s+1 , . . . , x m }, we consider the following two cases depending on whether x j is adjacent to all the vertices in {y 1 , . . . , y p 2 } or not.
Suppose
Assume that x j ↔ y ℓ for some t+1 ≤ ℓ ≤ t+q 2 . Since Case 5, Case 7 and Case 8 cannot apply, we have that
Suppose x j ↔ y k for some k ≤ p 2 . Since Case 4, Case 6 and Case 9 cannot apply, we have that x j ↔ y ℓ for all p 2 + 1 ≤ ℓ ≤ t, x j ↔ y ℓ for all ℓ > t + q 2 and d(x j ) = b j . By b j = d(x j ) < p 2 + q 2 , we have that min{p 2 + q 2 , d(x j )} = min{p 2 + q 2 , b j } = b j and min{p 2 + q 2 , b j } is the maximum contribution to We now continue to proceed with the proof of theorem. By the previous claim, we have that max{a i |x i ∈ D} ≤ max{d 1i |x i ∈ D} ≤ d 1j ≤ min{b i |x i ∈ D} for each x j ∈ D ′ , max{a i |x i ∈ D ′ } ≤ d 1j ≤ min{d 1i |x i ∈ D ′ } ≤ min{b i |x i ∈ D ′ } for each x j ∈ D, max{c i |y i ∈ C} ≤ max{d 2i |y i ∈ C} ≤ d 2j ≤ min{d i |y i ∈ C} for each y j ∈ C ′ , max{c i |y i ∈ C ′ } ≤ d 2j ≤ min{d 2i |y i ∈ C ′ } ≤ min{d i |y i ∈ C ′ } for each y j ∈ C.
Thus, we can see that (L 1 ; L 2 ) is potentially A s,t -bigraphic by exchanging D with D ′ and C with C ′ .
